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Abstract
For properties of graphs P1 and P2 a vertex (P1;P2)-partition of a graph G is a partition
(V1; V2) of V (G) such that each subgraph G[Vi] induced by Vi has property Pi ; i=1; 2. The class
of all vertex (P1;P2)-partitionable graphs is denoted by P1P2. An additive hereditary property
R is reducible if there exist additive hereditary properties P1 and P2 such that R = P1  P2,
otherwise it is irreducible. For a given property P a reducible property R is called a minimal
reducible bound for P if PR and there is no reducible property R0 satisfying PR0R.
In this paper we give a survey of known reducible bounds and we prove some new minimal
reducible bounds for important classes of planar graphs. The connection between our results and
Barnette's conjecture is also presented. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction and notation
All graphs considered in this paper are nite, simple, i.e., undirected, loopless and
without multiple edges. For undened concepts we refer the reader to Chartrand and
Lesniak [13] and Jensen and Toft [17].
We denote the class of all nite simple graphs by I. A graph property is a nonempty
isomorphism-closed subclass of I. (We also say that a graph has the property P if
G 2 P.) A property P of graphs is called hereditary if it is closed under subgraphs,
i.e., if H G and G 2 P then H 2 P. A property P is called additive if it is closed
under disjoint union of graphs, i.e., if every connected component of a graph G has
property P, then G 2 P, too.
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Many known properties of graphs are both hereditary and additive. In this paper we
will use the notation of Borowiecki and Mihok [7] and Borowiecki et al. [5]. In what
follows it is convenient to work with an arbitrary positive integer k:
O= fG 2 I: G is edgeless; i:e:; E(G) = ;g;
Ok = fG 2 I: each component of G has at most k + 1 verticesg;
Sk = fG 2 I: the maximum degree (G)6kg;
Lk = fG 2 I: the length of the longest path l(G)6kg;
Dk = fG 2 I: G is k-degenerate; i:e:; the minimum degree (H)6k;
for each H Gg;
TT = fG 2 I: G contains no subgraph homeomorphic to Kk+2
or Kb(k+3)=2c;d(k+3)=2eg;
Ik = fG 2 I: G does not contain Kk+2g:
Let
La = fP :P is an additive hereditary property of graphsg:
For any property P 2 L; P 6= I, there is a number c(P) called the completeness of
P such that Kc(P)+1 2 P but Kc(P)+2 62 P. For a given nonnegative integer k, let
Lak = fP :P 2 L; c(P) = kg:
It is easy to verify that c(Ok) = c(Sk) = c(Lk) = c(Dk) = c(TT ) = c(Ik) = k. Also
D1 =T1 = fG :G is a forestg while T2 and T3 are the classes of all outerplanar and
all planar graphs, respectively.
A hereditary property P can be uniquely determined by the set of minimal forbidden
graphs which can be dened in the following way:
F(P) = fF 2 I: F 62 P but each proper subgraph of F belongs to Pg:
For a hereditary property P; (P) is dened by
(P) = minf(F): F 2 F(P)g; where (F) is the chromatic number of F:
A hereditary property P is called degenerate if (P) = 2, otherwise, it is called
non-degenerate (see e.g. [5]). It is easy to see that a property P is degenerate if
and only if there exists a positive integer q such that Kq;q 62 P. Thus, the properties
Ok ; Sk ; Lk ; Dk and TT are degenerate while Ik is non-degenerate for any positive
integer k.
Additive and hereditary properties of graphs, partially ordered by set-inclusion, form
an algebraic distributive lattice (L;) with \ as the meet operation and O as the
smallest element (see [5,7]).
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Let P1;P2; : : : ;Pn; n>2; be hereditary graph properties. A vertex (P1;P2; : : : ;Pn)-
partition of a graph G is a partition (V1; V2; : : : ; Vn) of V (G) such that each subgraph
G[Vi] induced by Vi has property Pi ; i=1; 2; : : : ; n. It is convenient to regard the empty
set ; in this context as a set inducing a subgraph which has every property P.
The class of all vertex (P1;P2; : : : ;Pn)-partitionable graphs will be denoted by
P1 P2     Pn.
An additive hereditary property P is called reducible in La if there exist additive
hereditary properties P1 and P2 such that P=P1 P2; it is called irreducible, other-
wise.
In connection with the Four Colour Theorem dierent types of partitions of the
vertices of planar graphs have been investigated. In order to compare the obtained
results the notion of minimal reducible bounds has been introduced (see [6,17,18]).
For a given property P, a reducible property R is called a minimal reducible bound
for P if PR and there is no reducible property R0 satisfying PR0R. The set
of all minimal reducible bounds for P will be denoted by B(P).
Example 1 (Jensen and Toft [17, p. 22]). It is easy to see that, for all p; q>0,
Dp+q+1 Dp Dq:
In [5] it is shown that this bound is a minimal reducible bound for Dp+q+1.
The problem to nd minimal reducible bounds for the class of planar graphs was
raised by Mihok and Toft (see [17, Problem 17:9]), at the International Conference on
Combinatorics held in Keszthely (Hungary, 1993) dedicated to P. Erd}os on his 80th
birthday. In general, the answer seems to be extremely dicult.
In this paper we give a survey of known reducible bounds and we prove some new
minimal reducible bounds for important classes of planar graphs.
This work has an unexpected relation to the well-known conjecture of Barnette which
reads:
If G is a 3-connected bipartite 3-regular planar graph, then G has a Hamilton
cycle.
This conjecture is true if and only if each 3-colourable planar graph has property
D1 D1, that is, the vertices of each such graph are partitionable into two subsets each
inducing a forest. (For more details see [17, Problem 2:12]).
In Section 4 we investigate some classes of planar graphs for which D1  D1 is a
minimal reducible bound.
2. Reducible bounds for planar graphs
There are many papers that present reducible bounds for the class of all planar
graphs, see for example [2,4,8,11,12,14,16,21{24,26]. Let us recall some of these results
in terms of additive hereditary properties.
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The well-known Four Colour Theorem [1] can be stated as T3 O2  O2. It imme-
diately implies that
T3 (O2 \T3)2 and that T3 O  (O3 \T3):
The known bound
T3 O D21
(see [3,16,21]) was improved by Thomassen [25], who has proved the conjecture of
Borodin [2])
T3 D1  (D2 \T3) and that T3 C3  C3;
where
Ck = fG 2 I: each cycle in G has length at most k>3g:
Borodin asked whether
T3 O  (D3 \T3)
and this question remains open (see [17, Problem 2:6]).
Poh [20] and Goddard [15] independently proved that
T3 (D1 \S2)  (T3 \ (D1 \S2)2):
Since Thomassen disproved in [25] the conjecture that each planar graph is partition-
able into a linear forest and an outerplanar graph, the last bound is probably minimal
in La. To prove that any of the presented bounds is minimal in La seems to be very
dicult.
We will prove some partial results for some interesting subclasses of planar graphs
in the next sections.
3. 2-degenerate planar graphs
In this section we will prove that the reducible property O D1 is the only minimal
reducible bound for the class D2 \T3 of all 2-degenerate planar graphs.
A general approach to prove that a reducible property R is a minimal reducible
bound for a property P in La is described in more details in [5]. It will be useful to
have some information on the structure of reducible properties in La. Thus the next
two results are very useful in the sequel | their proofs can be found in [19].
Theorem 1. Let P be an additive degenerate hereditary property and let P1 and
P2 be any additive and hereditary properties. Then P P1 P P2 if and only if
P1 P2.
Theorem 2. Let P be an additive hereditary property of completeness 1 and let P1
and P2 be any hereditary properties. Then P P1 P P2 if and only if P1 P2.
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We now prove
Theorem 3. Let R1 R2 be additive degenerate hereditary properties and suppose
that P1 P2 R1 R2 for P1;P2 2 La. Then P1 R1 and P2 R2 or P1 R2 and
P2 R1.
Proof. Since R1 and R2 are degenerate, there is a nonnegative integer q such that the
complete bipartite graph Kq;q 62 R1 and Kq;q 62 R2. If P1 * R1 and P2 * R1, then
there are graphs F and H with F 2 P1, H 2 P2 and F;H 62 R1. But then the graph
qF + qH (the join of q disjoint copies of F and q disjoint copies of H) belongs to
P1 P2 but not to R1 R2. Therefore P1 R1 or P2 R1.
We now prove the second inclusion in each of these two cases:
(i) If P1 R1 but P2 * R2, then there is a graph H with H 2 P2 and H 62 R2.
But then the graph K2q−1 + qH is in P1 P2 but not in R1 R2.
(ii) If P2 R1 but P1 * R2, then there is a graph H with H 2 P1 and H 62 R2.
Again the graph K2q−1 + qH is in P1 P2 but not in R1 R2.
By this theorem we immediately have
Lemma 1. Suppose P and Q are additive hereditary properties such that P QO
D1. Then P= O and QD1 or Q= O and PD1.
To prove the next lemma we need a few constructions. In these constructions we let
k be an arbitrary positive integer. Let us denote by Tk the complete k-ary tree with k
levels.
Note that for every forest F there is a tree T such that F is an induced subgraph of
T , denoted by F6T . Furthermore, for every forest F there is an integer k such that
F6Tk .
Construction 1. For given graphs G and H , and integer k, let G(H; k) denote the graph
obtained from G by adding to each vertex of G k disjoint copies of H and joinig each
vertex of G with the vertices of corresponding copies of H . Thus the graph G(H; k)
is of order jV (G)j(1 + kjV (H)j).
Note that, if G is planar and H is outerplanar, then G(H; k) is planar too. Also,
(G(H; k)) = maxf(G); (H) + 1g.
Construction 2. Construct a sequence of graphs G1; G2; : : : by
G1 = Tk and Gi = Gi−1(Tk ; k) for i = 2; 3; : : : :
It is easy to see that (G2)=(Tk(Tk ; k))=3 so that the remarks following Construction
1 can be used to see that Gi is planar for i = 1; 2; : : : while (Gi) = 3 for i = 2; 3; : : : .
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Lemma 2. (a) Gk 2 O3 \T3.
(b) Gk 2 D2.
(c) For every partition V1; V2 of V (Gk) Tk is a subgraph of Gk [V1] or Gk [V2].
Proof. (a) By the remarks following Construction 2.
(b) Let H be any subgraph of Gk and let l6k be the smallest index in the sequence
G1; G2; : : : used to construct Gk such that H is a subgraph of Gl. If l= 1, then H Tk
so that it is clear that (H)62. If l>2, then Gl = Gl−1(Tk ; k) and some copy of Tk
used in this step of the construction has a vertex of H of degree at most 1; this vertex
has degree at most 2 in H . Hence, (H)62 in this case, too. Hence, Gk 2 D2.
(c) Let V1; V2 be a partition of V (Gk) and suppose Tk * Gk [V1]. Consider the
sequence of graphs G1; G2; : : : used in the construction of Gk . Clearly, there must be a
vertex x of G1 = Tk which is in V2. In constructing G2 from G1 one attaches k copies
of Tk to x and each must have a vertex in V2, that is, x is of degree at least k in
Gk [V2]. We now have all the level 1 and all the level 2 vertices of a copy of Tk in
Gk [V2] by looking at G2 and it is clear that we can continue in this fashion to get all
the level 1, 2 and 3 vertices of a copy of Tk in Gk [V2] by looking at G3. Repeating
this argument we can show that Tk Gk [V2] by looking at Gk .
Theorem 4. The class T3 \ D2 of all 2-degenerate planar graphs has exactly one
minimal reducible bound O D1.
Proof. By Example 1, the property O  D1 is a reducible bound for the property
D2. Therefore, it is enough to show that for any reducible property P  Q such that
T3 \D2 P  Q at least one of the properties P and Q contains D1. To see this, we
consider an arbitrary large integer k and remark that, by Lemma 2, Gk 2T3 \D2 so
that Gk 2 P  Q. But then Gk has an (P;Q)-partition and again by Lemma 2, Tk 2 P
or Tk 2 Q. Since k was arbitrary, this proves our claim.
4. 3-colourable and 3-degenerate planar graphs
In this section we will show that some reducible bounds for the classes of 3-colourable
and 3-degenerate planar graphs are minimal. First we consider 3-degenerate planar
graphs.
Theorem 5. D1 D1 is a minimal reducible bound for D3 \T3.
Proof. The inclusion D3 D1 D1 again follows by Example 1. In order to prove that
this bound is minimal, we will use the following construction:
Start with the plane graph G0 = K4 and construct the plane graph Gk+1 from the
plane graph Gk by adding a new vertex into each face of Gk and the three edges
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joining each new vertex with the three vertices of the corresponding face. It is easy to
see that for any nonnegative integer n the constructed graph Gn is also 3-degenerate.
Again consider an arbitrary large integer k and suppose that D3 \ T3 P 
QD1 D1.
Since D1 is degenerate, we can deduce from Theorem 3 that PD1 and that
QD1. Now consider the costructed graph Gn: since Gn 2 D3 \T3 we have that
Gn 2 P  Q, that is, Gn has a (P;Q)-partition. Note that any such partition is also a
(D1;D1)-partition.
Now, from the fact that the subgraph of Gn isomorphic to K4 has only one
type of (D1;D1)-partition one can deduce that the tree Tk is in both partition classes
if n is suciently large with respect to k. Hence, D1 P and D1 Q.
Therefore, P= Q=D1.
Remark. Since D3 \T3 has completeness 3 and D3 O D2, there could be at least
one minimal reducible bound for D3 \T3 of the form O P with c(P) = 2. We can
prove that such P contains the class T2 of all outerplanar graphs and we conjecture
that P=D2 \T3.
We now turn to minimal reducible bounds for the class of 3-colourable planar graphs.
Clearly, it is natural to consider the trivial bound
O3 \T3 O  (O2 \T3):
We do this in our rst result on this class.
Theorem 6. The reducible property O  (O2 \T3) is a minimal reducible bound for
O3 \T3.
Proof. Since the properties O and O2 \T3 are degenerate, from Theorem 3 we have
that if O  PO  (O2 \T3); then PO2 \T3. Thus, it is enough to prove that
for every bipartite planar graph H there is a 3-colourable planar graph G with the
property that for every vertex (O;O2 \T3)-partition (V1; V2) of V (G) the subgraph
G[V2] contains the given graph H .
The following result was proved (by a construction) in [9]:
Let P 2 La be a property with c(P) = 1 such that there exists a bipartite planar
graph H 62 P. Then there exists a 3-colourable planar graph F which is uniquely
(O;P)-partitionable.
Let us take two disjoint copies of the above-mentioned graph F and construct G
adding a new edge joining any two vertices of distinct copies of F belonging to the
independent set of the unique (O;P)-partition of V (F). It is easy to see that the
obtained graph G is planar and 3-colourable such that any vertex (O;O2)-partition of
V (G) contains the graph H in the bipartite class.
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An alternative prove can be based on the following construction:
Let us start with the plane connected bipartite graph H and add a new vertex into
each face of H and new edges joining the new vertices with each vertex of the cor-
responding face. Thus we have a 3-colourable triangulation T of the plane which is
uniquely 3-colourable (see [10]). Obviously, all new vertices of T must be in the same
colour class of the unique 3-colouring of T .
To construct the graph G with the required property, let us take jV (H)j disjoint
copies of the triangulation T and for each vertex v of the graph H insert one copy of
T to any face of H adjacent to v by indentifying the vertex v with a \new" vertex of
T . Immediately, by construction of G, we see that in any (O;O2)-partiton of V (G) the
graph H is contained in the bipartite partition class.
We were not able to nd other minimal reducible bounds for 3-colourable planar
graphs. We can only show:
Theorem 7. Barnette's Conjecture; if true; gives a minimal reducible bound D21 for
O3 \T3.
Proof. The proof is similar to the proof of Theorem 5; the dierences are that the
relation O3\T3 D1 D1 is now given and that we need to construct another suitable
graph.
We start the construction with the octahedron G0 = K2;2;2, viewed as a plane graph.
Next we construct the plane graph Gk+1 from Gk by inserting three new vertices into
every triangular face of Gk and by adding the nine new edges needed to form a new
octahedron inside every face of Gk . In this case, it is easy to see that Gk 2 O3 \T3
for each k. Again, one can see that there is only one type of (D1;D1)-partition of the
octahedron implying that for every positive integer k there exists a suciently large
n such that Gn contains, for any (P;Q)-partition (such that P and Q are in D1), the
tree Tk in the both partition classes.
5. 1-non-outerplanar graphs
In contrast to the previous results, in [6] innitely many minimal reducible bounds
have been found for the class of all 1-non-outerplanar graphs.
Let us dene the next properties:
UCi = fG 2 I: each component of G contains at most one cycle and it is of
length ig,
UCki = fG 2 UCi: if G contains a cycle (of length i), then the minimum degree in
G of the vertices of this cycle is 6k + 2g.
rk =UCk3 [
⋃
i>k+2
UC2i+1:
For the convenience, let r1 =UC3.
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A graph G is called k-non-outerplanar if it be comes outerplanar by deleting at
most k suitable chosen vertices.
Let us denote this property by NOPk .
It easy to see that NOP0 =T2 and NOP1 =T3.
The following result is proved in [6].
Theorem 8. The property NOP1 to be 1-non-outerplanar graph has exactly the fol-
lowing minimal reducible bounds:
(D1 ^S2)  (D1 ^S2);O1 D1; and O  rk ; k = 0; 1; : : : ;1:
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